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Abstract
A mathematical model of ecoevolution is studied. The model treats ecosystems as large dimensional dynamical
systems. The preying interaction term between species have the scale invariant form of xλi x
1−λ
j . In addition, simple
rules for addition and elimination of species are included. This model is called the “scale-invariant” model. The
model makes it possible to construct ecosystems with thousands of species with a totally random invasion process,
although it is not impossible when the interaction terms are the quadratic form of xix j like Lotka-Volterra equation.
We studied the relation between the number of species and the interspecies interactions. As a result, it is shown the
model can describe both simple ecosystems and diverse ecosystems, because this model has two phases. In one phase,
the number of species remains in ﬁnite range. In the other phase, the number of species grows without limit.
Keywords: ecosystem, macroevolution
1. Introduction
Ecosystem is one of typical complex systems. Many kind of species coexist in it and each species makes various
interactions with others such as preying, competition, mutualistic interaction, parasitism and so on. A natural way
to model the system is to describe the population dynamics of species. One of commonly used population dynamics
models is the Lotka-Volterra type equations:
x˙i = rixi +
∑
ai jxix j, (1)
where xi, ri, ai j denotes the population density of i-th species, natural reduction rate of i-th species and interaction
coeﬃcient between i-th and j-th species, respectively. This equation is not only simple but also show interesting
dynamics such as chaos, limit cycle, soliton motion and so on. And it has been yielding great harvest.
It has been, however, considered to be diﬃcult to construct ecosystems with large number of species using popula-
tion dynamical models [1, 2]. Theoretical studies which based on population dynamical model suggested ecosystems
with complex interactions would be less stable than the simple one. May [2] evaluated the stability of ecosystems by
estimating linear stability of ﬁxed points. He treated a random matrix as a linear stability matrix of ecosystems, and
showed analytically that the system become seldom stable when the “complexity” exceeds a certain critical value.
Here the “complexity” means a increasing function of the variance of the oﬀ-diagonal elements and the dimension of
the matrix. So it was concluded that the randomly constructed ecosystems become more unstable when the interac-
tions are complex or strong. After these studies, many theoretical biologists argued on this problem [3, 4, 5] because
it was widely believed that ecosystems with more complex interactions would be more stable.
It was shown, however, that some modiﬁcation to the interaction term enables us to treat ecosystems with large
number of species. Shimada et al. [6] proposed a simple model which realized highly diversiﬁed ecosystem. This
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model is called the “scale-invariant” model since the interaction terms are a scale invariant form as
ai jx
λ
i x
1−λ
j , (2)
where xi and x j denote the population of prey i and predator j, respectively. Using this type of interaction, the
coeﬃcient ai j has a dimensionality of the inverse of time, 1/t and therefore we do not need to adjust ai j depending on
the populations of other species. In the case of Lotka-Volterra equation, the dimensionality of ai j is t−1 · x−1. Since
population densities xi are distributed in very wide range (it is observed in real ecosystems that they show lognormal
distributions), we have to adjust ai j depending on the populations of interacting species to make the species coexist if
we adopt interaction term diﬀerent from 2. This is hopelessly diﬃcult. That is why it becomes possible to construct
diverse ecosystems when using the scale-invariant model.
Despite its simplicity, this model reproduces various statistical properties observed in real ecosystems. First the
distribution of life span of species in the model reproduces one estimated from the fossil data, and it turns out that
the distribution function is a q-exponential function [7]. Second the model shares the topological feature of food web
structure with nature [8]. The food web in the model shows the universal scaling in the “spanning-tree” (a loopless and
connected tree), which is also discussed in real food webs. The scaling exponent of the model is consistent with that
estimated in the ﬁeld data. Third the distribution of population in the model is left-skewed lognormal as is observed
in the real ecosystems [9]. From these results, this scale-invariant model will be the most fundamental mathematical
model of ecoevolution, just like the Ising model for ferromagnet.
In this article, characteristic behavior of the scale-invariant model is studied. Especially the ecological meaning
of its model parameters like λ will be focused.
2. Model
2.1. Population dynamics
The population dynamics is described as follows:
x˙i = −cixi +
∑
ai j<0
ai jx
λ
i x
(1−λ)
j +
∑
ai j>0
ai jx
(1−λ)
i x
λ
j , (3)
where xi and ci denote the population density and the natural decay rate of i-th species, respectively, and ai j denotes
the interaction coeﬃcient of i- and j-th species. The model assumes only preying interaction and the condition that
ai j = −ai j is adopted.
Since species mentioned above do not have any growth term, some producer which has growth term is necessary.
The producer species is called “plant” species. And we call the consumer species mentioned above “animal” species.
The model describes nonequilibrium systems in which energy ﬂows from “plant” species to “animal” species. The
population dynamics of “plant” species is assumed to described by
x˙0 = Gx0(1 − x0) +
∑
j
a0 j x
λ
0x
(1−λ)
j , (4)
where x0 and G denote the population and the growth rate of plant ,respectively. The growth rate is set to a large value
(G = 100) to prevent whole extinction. We consider the system to be organized by one “plant” and many “animal”
species. Interaction exponent λ is set to be a uniform value in one simulation for all species for simplicity.
2.2. Addition of new species and extinction
Rules of invasions are introduced in this model. Invasions are applied periodically. One species invades at a
time. Interactions of newcomers are randomly chosen from 1,2,3,· · ·,m, and the interaction coeﬃcients are uniformly
randomly assigned from [−α, α]. A new species invades when all the population density of species in the system
become stable. The initial population density of new comer is chosen to be small (10−8).
The system also has the rules for extinction. If the population of i-th species (xi) becomes 0, the species is
regarded as being extinct and eliminated from the system. The animals which become to have no prey also go extinct.
We restrict preying exponent λ to the range of (0, 12 ]. Under this condition, population can touch 0 at ﬁnite time (see
[8]). We need no artiﬁcial threshold.
Simulation starts from the situation that there exists only one plant specie in the system. The parameters which
determines the interaction strength are m, α and λ.
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Figure 1: (a) Typical behavior of N in both phases. Four lines corresponds to the case when λ = 0.45 (diversifying phase), 0.41 (near critical value),
0.40 and 0.38 (steady phase) from top to bottom respectively. The lines are averaged. Parameters are set to m = 5, α = 1.0. (b) Average number of
species in steady phase are shown. The dotted line corresponds to a function proportional to (λc − λ)−1. The critical value λc is 0.41.
3. Steady and diversifying phases
The number of coexisting species in the model depend on the interspecies interactions. We investigated the relation
between the temporal behavior of the number of species, N, and the strength of interactions among species which is
determined by m,α and λ. First we investigated the dependence on λ. As a result, it is found that temporal behavior
of N shows two phase depending on λ. When λ is smaller than some characteristic value λc, N does not continue to
increase and ﬂuctuates in ﬁnite range. We call this phase “steady phase”. The other phase is “diversifying phase”.
This phase is found when λ is larger than λc. In this phase, N begin to increase with time and large scale community
of species can be organized. Fig. 1(a) shows the temporal behavior of N for several values of λ. Fig. 1(b) shows the
average number of species in steady phase. The graphs suggests, the number of species diverges when λ goes up to
λc and the divergence obeys a power law of (λc − λ)−1.0. This divergence suggests the existence of two phases.
Behavior of N is also depend on m and α. Larger m or α makes the system harder to organize diverse structure.
Therefore λc is a increasing function of m and α. Therefore this system becomes more diverse when the food webs
are sparse and the preying interactions are weak.
Although the ecological meaning of m and α is clear, that of λ is not so clear. A possible ecological explanation
for the nonlinearity of preying rate, which is represented by λ in this model, is the parameter of the adaptability of
species or the ﬂexibility of the interactions. Larger λ means larger dependence of preying rate on the population of
the prey. This means, when λ is large, predators concentrate their foraging eﬀorts on abundant prey and overlook
rare prey. Therefore predators can change their preying rates more ﬂexibly along the change of their environment
(population of their prey) when λ is large. This change of preying rate can be considered as a behavioral adaptation
of predators. In addition, λ can also be regarded as a parameter of behavioral adaptation of prey. Larger λ means
the smaller dependence of preying rate on the population of the predator. This means, when λ is large, preying rate
does not become too large even if the population of predators becomes large. This can be considered as a behavioral
adaptation of prey to defend themselves from threat of their more abundant predators. Consequently λ is considered
as a parameter of behavioral adaptation for both prey and predator in ecological sense.
4. Conclusion
Phase transition was observed in the temporal behavior of the number of species. This suggests that the drastic
change in the diversity, such as mass extinctions, can occur as a result of slight changes in interspecies interactions.
Furthermore the importance of the interaction exponent λ for diversiﬁcation is demonstrated. This exponent is char-
acteristic parameter of the scale invariant model and can be considered as a parameter of the behavioral adaptation.
Since this model shows two phases, we can study the diﬀerence between the diverse ecosystems and the poor
ecosystems. For example, the diﬀerence in the distribution of x in these phases will be useful to estimate the stability
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of the real ecosystem. Further study on the diﬀerence between these two phases is expected to give us some insights
to predict the tendency of the ecosystem to diversify.
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